The effect of pion-pion scattering resonance on the isovector part of nucleon structure is analysed by a method similar to that of Frazer and Fulco, but with one more subtraction for dispersion relations on helicity amplitudes of nucleon·aritinucleon production process in order to remedy the divergence regarding the left-hand cut. If the subtracted spectral representations are used for the form factors, G1v(t) and G2v(t), and the narrow resonance is assumed for the P·wave pion·pion scattering, then the form factors can be written in the form given by Clemente! and Villi and the square of pion-pion scattering resonance energy is required to be 18-25 p.2. The effect of this resonance on pion-nucleon scattering at low energy regions is shown to be not inconsistent with the experimental data, if we use the subtracted form for the pion-pion terms in the dispersion relations for pion-nucleon scat· tering amplitudes. §I. Introduction
§I. Introduction
The effect of the P-wave pion-pion scattering resonance on the isovector part of the electromagnetic structure of nucleon has been investigated by Frazer and Fulcat> (F-F). In their calculation, however, if the Legendre expansion is performed for the pion-nucleon scattering amplitudes on the left-hand cut from a=4p. 2 (1-p. 2 / 4m 2 ) to -oo (m· and p. are the masses of nucleon and pion respectively), this cut produces divergent integrals. Frazer and Fulco 1 > cut off these integrals at t = -26p. 2 , i.e. at the convergence limit of the Legendre expansion ; -t is the square of the 4-momenta transfer of nucleon. They obtained that the square of the pion-pion scattering resonance energy, t" is about 10p. 2 • Later, Bowcock, Cottingham and Lurie 2 > (BCL) has treated the integral over the left-hand cut as adjustable parameters, and they have concluded that the value of tr is about 22.4p. 2 • On the other hand, Ball and Wong 3 > attempted to remedy the F-F method, cutting off the unsubtracted integrals over the leftchand cut also at t = -26p. 2 , but taking into account the effect of the singularities in the region t< -26p. 2 by adding a term corresponding to one simple pole. The position and residue of this pole were adjusted to give the values of· r, (t) and its derivative at t = 0, which appear in the nucleon form factors ( cf. (2 · 2) and (2 · 7)) . At t = 0, these functions are related to the forward pion-nucleon scattering amplitudes and their values are determined directly from the experimental data of pion-nucleon scattering. However, the properties of such a simple pole could not be determined definitely owing to the present experimental inaccuracy of the pion-nucleon scattering data.
In a preceding paper, 4 l investigating the effect of S-wave pion-pion interaction to pion-nucleon scattering, we have used the subtraction method in calculating the similar integrals over the left-hand cut. In this paper, we shall apply the same method for the analysis of ri (t), (i = 1 and 2 are referred to charge and magnetic moment respectively), attempting to remedy the F-F method.
Thus, the subtraction constants ri (0) are introduced, which can be estimated directly from experimental information on pion-nucleon forward scattering.
It should, however, be mentioned that the constant F 2 (0) has large errors, owing to cancellation of large terms involved. ·Therefore, our subtraction method is not practically useful for r2 (t) ; so we use the unsubtracted form for r2 (t) same as in F-F. As was shown by F-F, however, the main contribution to the integral over the left-hand cut in F2 (t) comes from the Born term of pionnucleon scattering amplitude, and the contribution from the imaginary part of (3, 3) amplitude, or rescattering contribution, being negligible in the cutoff method. Moreover, the value of the integral over the left-hand cut for F 2 (t) is not sensitive to the cutoff value, so that we may expect to obtain reliable results by using the unsubtracted form for F 2 (t). On the other hand, the value of integral over the left-hand cut for F 1 (t) is very sensitive to the cutoff value in F-F, and we can not obtain any reliable result for charge structure of nucleon by usi~g the unsubtracted form for F 1 (t) as in F-F. In the present paper, we shall show that the subtraction constant F 1 (0) is well defined and our subtraction method is very effective for the analysis of rl (t).
In this paper, we start from the subtracted spectral representation for the form factor of the isovector part of magnetic moment, G2v (t), as well as charge, G1v (t). Then, if the narrow resonance in the P-wave pion-pion scattering is assumed, the form factors take a form of Clemente! and Villi type as in BCL, and the value of tr turns out to be 18~25p 2 • Next, we shall investigate the effect of P-wave pion-pion scattering resonance on the pion-nucleon scattering at low energies. This effect has been analysed also in BCL and by Frautschi and Walecka"l and by Frautschi. 6 l In BCL, the integrals over the left-hand cut were replaced by adjustable parameters (C1 and C2), and the values of these parameters were adjusted to fit the experimental data of nucleon form factors and S-wave pion-nucleon scattering at low energies. Using the values of these parameters, they have shown that P-wave pion-nucleon scattering phase shift, Re[fvl(iJ, was given consistently with the experimental data. Moreover, their values of these parameters were shown to be not given by the cutoff method in F-F. In fact, the analysis given by Frautschi 6 l based upon the F-F method has shown that this effect was very large and inconsistent with the experimental data of pion-nucleon scattering. In our analysis, where we modify the F-F method as is stated above, we can not obtain the values of the parameters in BCL. As far as we use the same dispersion relations for pion-nucleon scattering as in BCL, the effect of pion-pion scattering resonance is again inconsistent with the experimental data. However, as we have no information on the contributions in the dispers'ion integrals from high-mass states at present, we must reexamine it by introducing into the dispersion relations for pion-nucleon scattering amplitudes at least one subtraction as in A (cf. (Ib) and (Id) in A) ..
The subtracted dispersion relation for BH (s, t) now contains the new parameter C:J-l which is mainly responsible for the effect of P-wave pion-pion scattering resonance on the pion-nucleon scattering amplitude
Although the dynamical effect of the resonance are masked by C:J-l at low energy limit, we shall this time see that the values of the adjustable parameters (C1 and C2) given in this paper are not inconsistent with the experimental data of pion-nucleon scattering. In this subtracted dispersion relation, the dynamical effect of pion,pion scattering resonance on pion-nucleon scattering should be investigated in higher energy regions.
In § 2 the subtraction method on evaluation of the integral over the left-hand cut is stated in detail and the numerical results for the nucleon structure are reported. The effect of pion-pion scattering resonance on the pion-nucleon scattering at low energies and the discussions are presented in § 3. § 2. Form factors of nucleon and pion-pion scattering resonance
In this paper, the notations defined in F-F and in BCL will be used. The spectral representations for the isovector part of nucleon form factors are written in the subtracted form as follows :
"'
is the pion form factor. From the analyticity of f~-> 1 (t), we can write the dispersion relations for r, (t), i = 1 and 2 ; they are, in subtracted form,
where a , 4p 
In the region t <a, the left-hand cut, Im ri (t) in Eq. (2 · 5) can be expressed in terms .of the pion-nucleon scattering amplitudes AH(s, t) and BH(s, t) as in F-F:
where
/2p_q -· In Eq. (2 · 6), although the energy variable s' is in the physical region for pion-nucleon scattering, the upper limit L (t) is such that cos()< -1, where 0 is the pion-nucleon scattering angle, as was shown in F-F. According to the F-F method, we shall therefore make an analytic continuation by expanding ImA(-l(s', t) and ImBH(s', t) in Legendre polynomials. In this expansion, we retain the terms only up to P-wave amplitudes. Moreover, we neglect all small partial wave amplitudes except for the (3, 3) state, and approximate the imaginary part of the (3, 3) amplitude by a delta function. Then th~ integral over the left-hand cut in Eq. (2 · 5) is convergent, under the assumption 1/ F" (t') = 1 in the integrand, so that we may expect to obtain a reliable result by cutting off the integral at t = -26p. 2 • If we do not subtract, then the integral for F 1 (t) may be divergent and we can not obtain any reliable results by the cutoff procedure. It is for this reason that we use the subtraction technique in the above.
Next, we must calculate the subtraction constants ri (0) appearing in Eq.
(2 · 5) . These constants are related to the forward pion"nucleon scattering amplitudes, and can be calculated directly from the experimental data of pion-nu cleon forward scattering. The values of ri (0) have already been reported by Ball and Wong. 3 l It is remarked that ri (0) are related to subtraction constants gj-l (0) and gj-J (0) in A: is not inconsistent with that of Ball and Wong. 3 l As was shown in F~F, however, the main contributions for the integral over the left-hand cut of T 2 (t) comes from the Born term, the first term in the right-hand side of Eq. (2 · 6). Moreover, the value of the integral is insensitive to the cutoff value, so that we may expect to obtain reliable results even by using the unsubtracted form for r2(t) :
On the other hand, T 1 (0) is well defined and was estimated by Ball and Wong ; 3 l their value is -0.141f.C 2 , which is adopted for our evaluation of T 1 (t) .*l For the reasonable pion-pion scattering resonance energy, T 1 (0) is sufficiently larger than the second term in Eq. (2 · 5), so that our method is very effective for rl (t)' and this fact shows that the contribution from the singularities at t <-26p. 2 is considerably large for rl (t).
On evaluation of ri (t), some approximations for the pion form factor are done: We assume the resonance in the P~wave pion-pion scattering, and use the one level formula for the amplitude, same as in BCL :
where tr = 4 (qr 2 + p. 2 ) and qr is the momentum of pion at resonance.
As was shown in F-F, Im T 2 (t) is large only in neighborhood of t=4p. 2 , where a prominent peak appears. This permits, in quite good approximation, to set 11 F" (t') = 1 under the integral sign in Eq. (2 · 5'). In T 1 (t), however, its t-dependence is rather flat and contributions from more distant t are important, so that the approximation just stated .in the above could not be good *l The value of the right-hand side in Eq. (2·7h) is -0.156±0.06 p.-2 from Eq.(4·2h and c) in A, and it is consistent with the value of Ball and Wong}l for the unsubtracted T 1 (t) used in F-F. In the subtracted form (2 · 5) for Tr (t), on the other hand, the subtraction constant rl (0) is considerably larger than the integral value for the left-hand cut. Thus, we can again adopt the approximation 1/ F" (t') = 1 under the integral sign, without any large error in evaluation of T 1 (t) from Eq. (2 · 5). In this way, we get, assuming narrow resonance for pion-pion P-wave scattering amplitude, F2"(t) = (2m/g~e)G2"(t) and F1"(t) =(2/e)G1"(t) in Clementel-Villi type:
F2"(t) =1-a::+ a:: ,
where a:: and p are, under the assumption t/~Tf1 3 , 
Fig. 2. F1•(t) for various values of trand r.

: the data of ref. 7). (2 ·10)
The results of evaluation F2"(t) and Fr"(t) for various values of tr and r are shown in Fig. 1 and Fig. 2 , respectively. We see that the F-F value tr=10,u 2 is not consistent with experimental data given by Hofstadter et al., 7 > and that a higher resonance energy is required. For F 2" (t), the reasonable fit with experiment is obtained by taking tr = 18!1 2 with r=0.8'"'""I.o,u-r, or tr=22,u 2 with r=0.7'"'-"0.8p-l or tr=25p 2 with r=0.6'"'""0.7f1-1 • On the other hand, F1"(t) can be fitted by tr= 18/1 2 with r= l.1'"'-"l.2,u-l or tr=22f1 2 with r=l.2'"'-"l.3tr 1 • Owing to the inaccuracy of the value of rl (0) and integrals over the .left-hand cut, we shall not be able to determine the values of tr and r definitely.
We mention, for instance, that if we take the cutoff value smaller than -26p. 2 ,*> or if we take the value of T 1 (0) to be -0.1o,u-2 for t,=22,u 2 , then the values of r obtained from F1v(t) and F2v(t) get closer to each other.
From these facts, we may conclude qualitatively as follows: The square of resonance energy of P-wave pion-pion scattering is expected to be 18"-'2~,U 2 , and the width r is of order of one pion Compton wavelength. § 3. Effect of pion-pion scattering resonance on pion-nucleon scattering and discussions
In this section we shall analyse the effect of pion-pion scattering resonance on pion-nucleon scattering at low energies by using the information on nucleon form factors given in § 2. This effect has also been investigated phenomenologically in BCL. To compare with BCL, we shall start from getting the relation of the adjustable parameters used in BCL and the integral over the left-hand cut. From BCL, the form factors Ft(t) and F2v(t) are written as follows:
where 7J1 = -(2C1jv/i;.r) and 7)2 = -(2mC2/gvvtrr). By comparmg with Eqs. (2 · 9) and (2 ·10), the parameters C1 and C2 are expressed as
According to the analysis in BCL, the values of C1 and C2 were chosen to be -1.0 and -0.272,u-1 respectively. From our calculation of the integral over the left-hand cut and the value of T1 (0), however, the values of the right-hand side in Eq. (3·2) are -3.43 for C1 and -0.57,u-r for C2.**> Thus, it seems that there are large discrepancies between C1 and C2 values of ours and of BCL. We shall show, however, that our values are not inconsistent with pion-nucleon scattering data at low energies, if we use the subtracted dispersion relations for the pion-nucleon scattering amplitudes.
*l If we cut off the integrals over the left-hand cut at -60 p.2, the value of r for tr= 18 p.2 becomes 1.1 p.-1 for both of the form factors. **l Fro in the relation C2/C1 = C9v'f/2/mrh) A'9vfm, the value of C1 is required to be -2.11 for C~= -0.57 p.-1. However, we mention that the value -2.11 can not be exCluded in this paper by considering the inaccuracy of F 1 (0) and of integral value of left-hand cut, and we may expect that it is not a serious discrepancy.
The dispersion relations for the pion-nucleon scattering amplitudes given in A (Eqs. (Ib) and (Id) in A) are used for the analysis of the effect of the pion-pion interaction,
where A~-l and B~-l represent the terms in the dispersion relations given by Chew, Goldberger, Low and Nambu 8 J (CGLN). As we have no information on the contributions to dispersion integrals from high-mass states, the constant parameters c~-) and C1-) has been phenomenologically introduced in the dispersion relations by a subtraction.
As regards the pion-pion terms in Eq. (3 · 3), we observe that g~-l (t) and g~ l (t) are related to the helicity amplitudes f}_-l 1 (t) in F-F as follows;
From the definition of ri(t), Eq. (2·2), Img~-l(t) and Img~-l(t) can then be written as
Now, the narrow resonance approximation for the pion-pion scattering allows us to give Im ri (t) in terms of C1 and C2 for t > 4p. 2 , and we finally obtain
We shall give attention to the pion-pion terms and constant parameters C1 l and C)-l in Eq. (3·3), which are not included explicitly in the dispersion relations in CGLN. We write these terms as
At the low energy limit, the contribution from these terms to the P-wave pionnucleon scattering amplitude Re[ fP17J/k 2 ]~c~o is shown to be 
The values of CAH and cB<-l are calculated from the dispersion relations (3 · 3) in the forward direction and have been reported in Table I 
Then the contribution from the pion-pion interaction to pion-nucleon scattering amplitude
Using our values of C1 and C2, we obtain O'Re[fvl/d/k 2 ]k-+o=0.11tr 3 for tr=22p 2 ; this value is considerably larger than the value given by Ishida 9 > and is inconsistent with the experimental data. The source of the disagreement of the results calculated by subtracted form (3 · 7) and by unsubtracted form (3 · 9) may be attributed to the value of and its value is 0.5lp-2 from Table I in A. On the other hand, if we use Eq. (3 · 9), we shall get a considerably larger value 1.50p-2 for t, = 22p. 2 and our values of Ci. That is, this large effect O.llp- 3 given by unsubtracted form (3 · 9) comes from that our values of I C1 1 and I C2 1 are considerably larger than the values in BCL.
In the subtracted disper'sion relations, however, the effect of pion-pion scattering resonance on the pion-nucleon scattering at low energy limit is masked by the parameter Cj-l introduced, so that the dynamical effect of pion-pion interaction should be analysed in higher energy regions. In this paper, the energy dependence of (sin 20'11 -sin 20'3~) /2 is analysed by using the dispersion relation (3 · 3). In Fig. 3 , the contributions from each terms in the dispersion relation· are plotted. The dynamical effect of the pion-pion resonance has considerably large amount at k>2p; k is the center of mass momentum.
Conclusively, we may say that the effect of the pion-pion scattering resonance on the electromagnetic structure of the nucleon and on the pion-nucleon scattering at low energies can be consistently described by reformation of the F-F method and by introducing the constant parameter cj-l in the dispersion relation for pion-nucleon scattering amplitude BH (s, t). It is mentioned that Frazer 10 > has recently reported the theory of subtraction derived from the approximate crossing relations for the pion-nucleon scattering amplitudes, with the result consistent with Eq. (3 · 3) .
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